When a gas mixture is contained in a vessel in which a steady tempera ture gradient is maintained, a concentration gradient is in general set up, whose amount is determined by the logarithm of the temperature ratio, and by kT, the thermal diffusion ratio; the general theory of non-uniform gases gives successive approximations to k r , and the first within a few per cent. The paper discusses the dependence of on (a) the ratio of the molecular masses; (b) their concentration ratio (cx or c2); (c) the two ratios of the molecular diameters, inferred from the coefficient of viscosity, to their joint diameter, inferred from the coefficient of diffusion; and (d) three parameters depending on the mode of interaction between the unlike molecules. When this interaction is according to the inverse-power law, the three parameters ( d) are all expressible in terms of t index, and [kr], is a function of five independent variables. The gener nature of its dependence on these variables is discussed, with particular reference to the end values (for cx or c2 zero) of the thermal diffusion factor a, given by kT/c1c2; these end values involve fewer variables (less by two) than the general values, and their functional character can be represented graphically. It is shown that k T may be zero not only when cx or c2 is zero, but also for at most one intermediate mixture ratio. Formulae for [&rh appropriate to various special cases are also given.
1.
Introduction. This paper describes a systematic examination of the characteristics of thermal diffusion, particular aspects of which have been discussed previously by Enskog (1921 Enskog ( ) and myself (1917a Enskog ( and b, 1919 Enskog ( , 1929 , and more recently by Jones and Furry (1940) , Brown (1940) and Jones (1940) . The underlying theory, due to Enskog (1917 Enskog ( , 1921 Enskog ( ), and myself (1916a Enskog ( , 1917a , is described also in my recent book with Cowling (1939) ; references to this book will be indicated by the initials MT. The present discussion has been undertaken because of the increased interest attaching to thermal diffusion since its application by Clusius and Dickel (1939) , using a continuously convective method, to the separation of isotopes. (a) . Of the two gases in a mixture, one will be numbered 1 and the other 2. Symbols for quantities relating solely to one or other constituent will be distinguished by the corresponding suffix 1 or 2; those relating jointly to both con stituents will be distinguished by the suffixes 12 or 21, or sometimes by the single suffixes 1 or 2.
The thermal diffusion coefficient ( ), ratio (kT) and factor
T h e ch a ra cteristics o f th erm a l d iffu sion [ 
J
Let nx, n2 denote the number densities of the two constituents a t any point, i.e. the numbers of molecules per unit volume. Their volume fractions
The characteristics of thermal diffusion or concentrations, cx and c2, are given by ci = nx/(nx + n2), (2-1) so th at Ci + Cj = 1. (2*2) I t is convenient to write c = c1 -c2, (2*3) so th at c1 = |( l+ c ) , c2 = f ( l -c); (2*4)
as cx ranges from 0 to 1, or c2 from 1 to 0, c ranges from -1 to 1. Let Cx and C2 denote the mean molecular (vector) velocities of the two constituents at any point. In a non-uniform gas their difference Gx -C2 is given by the equation of diffusion, ?ic2(Ci -C2) = -D1 2 d 12 -grad (cf. MT, pp. 144, 244, 140) , where, in the absence of external forces, and when the pressure is uniform, d 12 = grad cx;
T denotes the absolute temperature, D12 the (ordinary) coefficient of diffusion, and D T the coefficient of thermal diffusion. When a constant temperature gradient is maintained, the gas tends to a steady state of no diffusion, in which there is a constant gradient of concentration given by gradcj = -&r gradloge (2*5)
where kT = DT/D12; kT is known as the thermal diffusion ratio. The theory of non-uniform gases leads to successive approximations to such quantities as D12, D T, kT and the viscosity pt; it is convenient to denote the nth. approximation by the appropriate symbol (e.g. D 12 or pi) enclosed within square brackets bearing the suffix n, i.e. [...]"_. This paper is con cerned almost wholly with the first approximation to kT, which is correct within a few per cent.
The expression for kT contains the positive factor and it is con venient to write kT = cxc2a, (2*6) and to call a the thermal diffusion factor. If a were independent of the concentration, the graph of kT as a function of cx (or c) would be a parabola, with its vertex at cx = c2 = | or c = 0; at this point kT would have as i maximum value \<x. But in general a is a function of c, so that though hT = 0 at cx = 0 and cx = 1 (or c occur at c -0 ; we shall see, in fact, th at may be zero also for some inter mediate concentration ( §16), in which case it will have both a (positive) maximum and a (negative) minimum. In the present paper the discussion relates mainly to a, or rather to its first approximation
we first consider what factors, apart from cx or c, are involved in [<x] x.
3.
The molecular mass ratio. The ratio kT and the factor a of thermal diffusion involve the molecular masses m x, only as ratios. It is con venient to write
The mass dependence of cl will be indicated by expressing it as a function of M, the 'proportionate mass difference. When m x and m2 are unequal, it is convenient to number the two gases so th a t m x>m 2, and therefore Mx>M2, or M >0. Hence the range of M to be considered is
The values of m xjm2 corresponding to some values of M are as follows:
S. Chapman 
4.
The pure and mutual force laws. The force between two molecules whose centres are at a distance r apart is supposed to be a function of r only, say f>x{r), f>2(r), or 0 12(r), according as the molecules are both of type 1, or both 2, or unlike (one 1 and one 2). These three functions determine what may be called the pure (1 or 2) and m utual (1, 2) force laws; they enter into the expression for a through the ratios of certain positive definite integrals a»®(r), with suffix 1, 2 or 12 according to the type of force law involved. The integrals o) depend in general on the temperature T, but not on the molecular masses; they are related to the integrals Gf MT, pp. 157, 152, for the same l and r, as follows:
In [a]t five such ratios are involved, namely,
which depend only on T and the m utual force law, and
each of which involves the m utual and one pure force law; and occur in the following expressions (MT, p. 253):
We may also note here the general expressions for [//-]! and [Dia]i; these involve 0) or Qd irectly, and not merely their ratios (MT, pp. 162, 165, 164) :
Hence we may also express x 12 and x 21 in the form
For illustration, the values of A,B, C, x12 and x21 will be some specially simple force laws.
5.
Rigid elastic spherical molecules. We first consider the case of molecules which are smooth rigid elastic spheres, of diameters Let 5o -+ < s2). Moreover, writing (in general)
in the present case f x = 1*016, and by only a few per cent (it depends on mx\m2, s j s 2, c, and T).
By (4*6), (5*3), it follows that in the present case xi2 -«o/si» xn -«6/«i* (5*5)
6.
The molecular 'diameters'. If any gas existed whose molecules were rigid elastic spheres, their diameters 5X and 52 could be obtained from experimental measures of /q and fi2 a t any tempe Similarly < s12 could be determined from experimental measures of D12. The values obtained would of course be independent of the temperature at which the measures of ji and D were made, and it would be found th a t S12 -so • In actual gases the molecules are not rigid elastic spheres; the factors f v / 2 and / 12 in (5-4) must in general be functions of they will also, in general, be even more nearly equal to unity than in the case of rigid spherical molecules. If the values of these factors are either estimated, or treated as unity (which usually involves only a slight error), it is possible, from experi mental measures of /q, fi2 and D12, to infer the [/q]1} [/m2]1 and [T>i2]u and from them, by means of (5-3), to determine quantities sl5 s2 and 512 which may be called the viscosity diameters and diffusion diameter respectively, or, more briefly, the 'diam eters'. These 'diameters' represent certain mean values of the minimum distances between the centres of pairs of like or unlike molecules a t collisions; hence, in general they depend on T (decreasing as increases). Moreover, in general, 12 ^ S0'
By means of equations (1), (2), (3), (5) these two equations reduce to (5-5) when the molecules are rigid elastic spheres.
Later we shall find it convenient to write
We also write x = 5As\2j2sl, (6-4) so th at
In the case of rigid spherical molecules, by (5-5), = 1.
7.
The inverse-power force law. Another specially simple force law, called the inverse-power force law, is defined by 
are independent of T.
The viscosity diameters are given in terms of the force constant and index, and of T, by / 2 \ / K \ m t ) • (7'4) with the suffix 1 or 2 added to s, v and k. The diffusion diameter is given by
S 12
2/(j'12-1) Hence in this case (7-6)
Thus unless the force indices iq, v2 and v12 are all equal, xX T; their variation is in opposite senses if v12 is intermediate between iq and v2.
In the special case when iq = v2 = v12( = v say), x 12 and x21 are independent of T, and are given by *12 = (*12/* *21 = (7*8) 8.
The numbers A(v) . The factors A x{v), A 2(v) involved in A and in § 7 are pure numbers, functions of v only; in the theory of non-uniform gases they occur in the form of definite integrals. The case = 3 is specially simple, and involves only one numerical integration for each A , i.e. ^d1(3) and A 2{3);in a former paper (1922) I have given values of ^( 3) and >42(3) (or rather of I x = 2nAx and I2 = 7t^42), but on recalculating them rece I find th at my values there given are in error by several per cent; I regret not having discovered this earlier, since it is only lately th at these values have been used or quoted, as by Jones and Furry (1940) and Jones (1940) .
My new values, which I have checked by making three separate calculations of them, using three different subdivisions of the range of integration, are* A x( 3) = 0-796, 3) = 1-056.
The case v = 2, which is of importance for highly ionized gases, is a specially simple (MT, p. 177) . In other cases, the calculation of A(v) in volves a series of numerical integrations to determine an auxiliary function k, and afterwards another integration for each A(v), th a t is, A x and A 2; a convenient method of calculation, involving transformations of the in tegrals from their original form, was given in my 1922 paper.')' Values of k were given to five decimal places in my paper, for = 5, 7, 9,11 and 15, and values of l x and I 2 were given to 4 decimal places; but as they calculated by using Simpson's rule applied to ten intervals only, they may not be correct to more than 3 or 4 significant figures. An examination of the successive differences for my tabulated values of k suggests that, except for v = 5, they may contain slight errors (this does not apply to the values of k for v = 5, and the resulting values of I x{5) and 72 (5) are probably correct at least to 0-1 %). Hasse and Cook (1929) recalculated the values for = 9, and found Ax(9) = 0-3808, 9) = 0-3303, (8 f Some misprints in this paper may be noted; in (2-3), after }, insert the index -£> on P-2, 72(2), for (1+ofo)-1 read -a^l + a^)-1; on p. 3, line 5, for finite read infinite; for k read 2k on p. 4, last line, and on p. 6 (twice); on p. 6 for (f) read 2^5; on p. 7, line 5, for 16 read 15, and in (A 1) for ( n -1)//* read 2
9.
Experimental values of the 'diameters'. In MT, p. 229, a list of values of is given for a number of simple gases, and on p. 252, a list of values of s12 and of !(«]. + s2) for a few gas mixtures; all refer to 0° C. On p. 249 values of vx, v2 and v12 are given for some gas mixtures; they are derived from the temperature variation of [i and D12. Table 2 , illustrating the discussion in § § 6-8, is derived from these data (some of which are perhaps not very reliable); the gases in each pair are numbered so th at > m2. We may note that in table 2 the values of and x2X for two gas mixtures are both greater than unity, and for the other two, they he on opposite sides of unity.
The values of r are all small, showing that in these cases x X2 and x2X do not vary greatly with T; for example, the largest value of r in table 2, namely, 0*156, would correspond to an increase of xX2 by % for a change of T from 0° C to 100° C. I t would be of interest to find gas pairs for which r has more extreme values. Table 2 o 2-h 2 .
Ci & Co/S^o where
(In MT, cx and c2 are denoted by nxo and n20, and % 2, n2X denote cx/c2, c2Jcx.) The factor 5 (0 -1) occurs in all the approximations to a, and therefore in a itself; it is independent of the concentration and the mass ratio, and depends only on the mutual force law and on T. When the mutual inter action is according to the inverse-power law, this factor is independent of T, and is positive if v12 > 5, negative if the last case thermal diffusion does not occur a t all. For other mutual force laws 5(C -1) may vanish at some particular temperature, but the inverse fifth-power force law is the only one for which it is always zero.
When the mutual interaction is according to the inverse-power law, the magnitude of 5(C -1) decreases from the value 1, when v12 = oo (th for rigid elastic spherical molecules), to 0 when v12 = 5, and increases again, numerically, to -1 when v12 = 3, and further to -3 when v12 -2 (corre sponding to ionized molecules and electrons). For most ordinary molecules, in so far as their mutual interaction approximates to the inverse-power law, v12 lies between oo and about 4*5.
The complexity of the properties of [&T]X or [a]! depends mainly on the factor g\ this is therefore the chief subject of the following discussion, which is illustrated by numerical examples referring to the inverse-power law of molecular interaction.
11.
The
end and intermediate values
The 'm iddle' and 'e n d ' values of g, namely the value for an equal mixture (cx = c2 = £, c = 0), and the limiting values as the mixture tends to the pure gas 1 = 1, c2 = 0) or the pure gas 2 (c2 = 1, c1 = 0), will be denoted by g0, gx and g2 respectively. The end values are given by
The intermediate values can be expressed in terms of these, by substituting in (10-2) the values of Sx and S2 corresponding to (11-1), as follows:
This expression for g is discussed in § 17.
12.
The factors S and Q. Since we are concerned only with ratios of the factors S and Q, the value of g is unaltered if we multiply S and Q by any constant, the same for all: it is convenient to multiply the values given in MT (p. 253) by the factor (1 -M 2)i/2 A ;we thus ob expressions:
where 
In When M = 0, qx = q2 = H ,which would seem to be nearly independent of the mutual force law; at least it is nearly equal to 3 for all values of vX2 (table 1) 
so th at dq2/dM is always positive, and q2 steadily increases from to 6 as M increases from 0 to 1.
The sign of dqx/dM is negative if this upper limit exceeds 1 for v12 = 3 (or 5), but for vX2 > 7 it is less than 1; in this case qx decreases from Ha t M = 0, to a minimum a t and then increases to 5 -4
Ba t M = 1; otherwise it decreases st H to 5 -4j B .The latter, its end value, depends considerably on v12, being 2-6 for v12 = oo, and T 8 for vX2 = 3.
When M = 0 ,qX2 = if -2 B ; when i f = 1, g12 = 0; a t i f = 0, dqX2/dM = 0 at i f = 1, dqx2jdM = -oo; also dqX2/dM = 0 a t i f = i f ', where
provided th a t this value of i f ' lies between 0 and 1, which is the case, for the inverse-power force law, if vX2 > 6; in this case qX2 incr to i f ', where it has a maximum value (11 -4 J i/3i(J -1)1, from which it decreases steadily to 0 a t i f = 1; if J < 1*5, qX2 decreas initial value -2 to 0 at i f = 1.
The functions S(M ) and S( -
Mi ncreases from -1 to 1, and it changes sig positive to negative values a t M = 1/G. The remaining decreases from oo at ilf = -1 to 0 at ilf = 1. Hence from -1 to M = 1/G, S steadily decreases from oo to 0, and it is negative from M to M = 1; it has a negative minimum within this range, and increases to 0 at M -1, where dS/dM = 0. This is illustrated by the following table, 
14.
The parameters of g. From (10-2) and § 12 it is clear th a t g involves six parameters (in general independent), namely, c, the numbers A and B depending on the mutual force law, and the ratios and x21 depending on the pure and mutual force laws. When the mutual force law is of the inverse-power type, the parameters are reduced to five, because A and B are known functions of the single parameter v12.
The end-values of g depend only on four parameters (or 3 when the mutual force law is of the inverse-power type), namely and either x 12 or x2l (not both). We therefore first consider the characteristics of gx and g2.
15.
The end values, gx and g2. By (11-1) and § 12, g1 = l -~{ l -x n S(M)), 9« = ( 16-1) In these expressions the first factor involves M (and A and B) only, the second involves M and x l2 or x21. I t is convenient to represent the dependence of gx and g2 on M and x 12 or x21 by means of a contour system of lines of constant g1 or g2, on a diagram whose abscissae are M and whose ordinates are x 12 or x2l\ since -g2 is the same function of -ilf and x 2l as g1 is of M and x 12, this can conveniently be done on a single diagram, as in figure 1 , in which the right half ( figure 1 a) refers to gv and the left half ( figure 1 b) to g2, the abscissae M are measured outwards from the centre of the lower boundary, to right and to left. In the right half the ordinates represent x 12, in the left, x21. The contour lines for gx and g2 are continuous across the centre line which separates the gx and g2 upwards is contracted, the distance from the M axis to the scale point with ordinate
x being 2 -1 lx. The graph of 1/S{M) on the right, and 1 /S( -M) on the left, is drawn as a full line, marked 0 ; its parts to the right and left of the centre line are the zero contours of gx and g2, because along them and x2lS( -M) are unity.
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Let Px or P2 denote any gx or g2 p the point at which the ordinate NPX or NP2, extended upwards or down wards if necessary, meets the graph of or IJS( -M )-including, in the gx diagram, the negative part (not shown) of the 1/S(M) graph. Then the second factor in the expression (15*1) for is equal to 1 -NPX/N P x or PXP X/NP'X, reckoning distances positive if upward; similarly the second factor in g2 is represented by NP2/N P 2-1 or P 2P case the first factor in (15-1) is positive, gx is positive a t points below and to the right of the 1/S(M) graph, and negative above and to the left;' positive above and to the left of the 1 /S ( -M ) graph, and negative below and to the right. The contour fines in the regions of negative gx or g2 are drawn dotted, the others (except g = 0 and one o broken fines.
The first factor of gx is (1 + M)/2 steadily with M, from 1/2
Ha t M = its gradient is still positive. Along the right-hand lower boundary = 0) of figure 1 a, this factor equals gx, since the second factor is 1. For any other value of x X2, the second factor has a positive gradient (= -xl2dS/dM ) with respect to M , up to the value of M for which S has its minimum ( §13); at this point 1 -xX2S has a maximum, and from this point it decreases to M = 1, where its gradient with respect to M is zero. Hence the variation of gx with M, for any sufficiently large value of x X2, must consist of a rise to a maximum, governed mainly by the second factor, and then a decline to a minimum and a subsequent increase to = 1 (because a t 1 the gradient with respect to M depends only on the first factor, and is positive). For sufficiently small values of x X2, gx has neither the maximum nor the minimum, but steadily increases with M .
The gx contour system, as drawn with a contracted x X2 scale in figure 1 a, has two singular points on its upper boundary x X2 = oo, namely at and at M = 1. The fine M = (for v12 = oo the value of gx when M = is 0*272) contour of gx, namely the graph of 1/S( a t therefore a singular point; gx takes all limiting values from -oo to oo as this point is approached from different directions; the fine x X2 = oo is the contour gx = - gx also takes the value 1/(5 -4 B )a long a fine joining the tw and M = 1 on the fine x X2 -oo (this special contour is drawn as a full fine).
Hence M = 1, x X2 = oo is also a singular point. As this point is approached from the left, and from above the two-branched contour = 1/(5 -45)), gx tends to values which range from 1/(5 -4 5 ) to oo. If, however, the x 12 scale for x 12 > 1 were not contracted, the contours which in figure 1 a are shown as meeting a t the two singular points would be shown as asym ptotic ally approaching the rectilinear contours M -1/G and 1. The second factor in g2 steadily increases from -1 a t = 0 to oo a t M -1; when x21 = 0 it is -1. The first factor decreases steadily from 1/2 a t i f = 0 to zero a t i f = 1. At i f = 1 the product of the two factors is 2br21/4
A , which increases steadily with x21 from 0 to oo. For g2 changes sign from negative to positive as i f increases from 0 to 1; for x 2l > 1, it is always positive.
For any given mixture the values of i f , and x 2l determine a point on each of the two contour diagrams for gx and g2, drawn for the values of A and 5 appropriate to the mutual force law for the mixture. There may be some limitation, inherent in the constitution of actual gases, on the regions within which the gx and g2 points on figures 1 can lie; for example, i molecules are rigid elastic spheres, the relation sX2 = |(« x + s2) implies th a t 1 /*Jx12 + 1 / y j x2 i = 2, so th a t when xX2 is given, x2X is also known. Apart from any such relation, the only restriction on the gx and g2 points is th a t they have the same abscissa M ; hence it appears from figures la , b th a t if M < 1 /G, gx and g2 may each be either positive, negative or zero; for gx is positive, and g2 may be positive, negative or zero. Hence, whatever the value of M, gx and g2 may have the same or opposite signs; if l/G, either or both may be zero; if Af > l/G, g2 alone can be zero.
The points at which both gx and g2 are zero form a linear sequence in a three-dimensional space in which the co-ordinates are M , x X2 and x2X; for each value of M from 0 to l/G there is one point at which 0, viz. the point whose xX2 and x2X co-ordinates are given by the 1/5 graphs in figures 1 a, b. When the positions of the gx and g2 points are restricted by some relation such as th at for rigid elastic spherical molecules, these possibilities are diminished; for example, for such molecules only for one particular value of M (which lies between 0 and 1/Cr) is it possible for both gx and g2 to be zero. 1 6
16.
Zero values of g. If both gx and g2 are zero, then by (11 -2) is zero for all values of (7; thus \oC\x can vanish for all values of c, not only throu vanishing of the factor 5 -1 in (10' 1), but also through the vanishing of g. But the vanishing of g for a given gas mixture will in general occur, if at all, only at a particular temperature, whereas (7-1 vanishes whatever the temperature, if the mutual force law is the inverse fifth-power law. Moreover, C -1 is a factor of a itself, and not merely of \cc\x\ if g vanishes for all values of c, a is likely to be very small, but it will not vanish exactly.
If gx and g2 have opposite signs, g must vanish for some intermediate value of c; and a itself, and kT, will in general vanish for thi concentration-ratio. This may occur for negative and g2 positive (case (i)) or vice versa (case (ii)). Case (i) can occur only if 1/6? and > 1, and the greater the value of M within this range, the larger must x X2 be for gx to be negative; g2 will be positive provided th a t x2X is not too small, i.e. it must correspond to points above the zero contour in figure 1 Case (ii) can occur for any value of M , and imposes no restriction on x X2 if though for M < 1/G, x X2must not be too large, as it must be below the zero contour in figure 1 a; x2X must be less than or equal to a limit ( < 1) which decreases the larger the value of M.
The value of c a t which g or [a] x is zero may he anywhere between -1 and 1; for example either of the end values, gx or g2, may be zero, and the other not zero; if g = 0 for an intermediate value of c, the signs of gx must be opposite, because g cannot vanish for more than one value of c: this appears from (10*2), in which the denominator is positive, so th a t = 0 only for the one value of c given by cx/c = S2/Sx Hence the graph of kT as a function of c may take any of the forms shown in figure 2. 1 7
17.
The variation of \oC\x or g with the concentration ratio. When A and B are known, gx and g2 are each functions of two variables only, whereas g is a function of four variables, M, x X2, x 2X and c. I t is no simple graphical representation, such as was used for gx and g2, of the dependence of g on its independent variables, as this would require a 4-dimensional space. The discussion of g will therefore centre mainly on the mode of variation of g between its end values gx and g2, which are deter mined, as has been seen in § 15, by M, x X2 and x2X, this variation will be supposed represented by a graph of ga s a function C2 -1) to C -1 (Cj -1, C2 --0) . 176. A less special case is th at in which only Q i -Q^ + Qz = °> corre sponding to the doubly infinite set of M , x l2, %2i points on the surface S". In this case Cl^lflrl + C2^2Sr2> / 17.4\ 9 since, by (2*2), 
In this case g always lies between
gx and is the value of gc a t th a t point on the straight line g = gc, which divides this line in the ratio c2Q2: cxQx\ since Qx and Q2 are po mediate between the two ends.
In the.present case, g' -\{gx -^2) ( Q ĩ$ 2)5 an(l may be negative, implying th at the graph of g may be either concave or convex as viewed from below. The parts of the surface S" which correspond to the two alternatives can be inferred from figure 3; for in figure 3, for any value of M, gx > g2 in the x 12, x21 region above the line = g2 for th a t value of M , Qi > Q2 m the x12, x21 region above the line Qx = Q2. Hence these two fines divide the x 12, x 2X plane, for th a t value of M, into four regions; > 0 in the upper and lower ones, and g' < 0 in the right and left-hand reg is a special case; the x x2, x2l plane is divided into two regions only; the upper, and g' <0 in the lower region). The S" section by the plan M = constant may fall wholly in one region, as in the special case 1, for which (when Qx -Q12 -f-Q2 = 0) curve is convex as viewed from below (cf. § 18); but it may fall partly in the region of g' > 0, and partly in the region g' < 0, as for example in the case M -0, for which g' > 0 if x21 > 1 , and 0 if 1 .
17 c. In the two special cases thus far considered, g' is either zero, or of one sign only, for all values of c; it is possible, however, for g' to become zero and change sign for some value of c. This can occur for at most one value of c, because, by (17-2) and (17-3), g' is a linear function of c, namely
Hence, unless either gx = g2 or $ 1-must cut the c axis; it does so at the value of c given by
This value is relevant to our discussion only if it lies between + 1. The cir cumstances in which this condition is satisfied will not be discussed here; it will suffice to show th a t such solutions exist, by considering a simple special case. If M = 0, the solution of (17-7) is c = 0 for points lying on the line -x 2\ = which also gx-g 2 = 0, and = 0, must be excepted).
\ld . When the graph of g crosses the straight line g = gc, which it meets also at c = ± 1, it must have a point of inflexion within this range. I t may also have two stationary values, one a maximum and one a minimum; it cannot have more than two, because the condition dgjdc = 0 gives a quad ratic equation in c; either or both of the roots of this equation may be outside the relevant range of c, -1 to 1. These possibilities will not be discussed here in detail, but it may be noted th at if Qx -QX2 + $ 2 = 0, both the roots are at infinity ( ± 00). The equation dg/dc -0 is th at of a surface in the four dimensional space of the variables M, x x2, x2l and c, which has a section by each plane c = constant, this section being a three-dimensional surface in the space of M, xX2, x 2X. These sectional surfaces certainl portions in the range 0 < M < 1, #12>0, this is evident from con sideration of the cases when gx = must then necessarily have either a maximum or a minimum, and if the graph crosses the line g = gc maximum and a minimum. This simple example also illustrates the fact th a t the range of gm ay exceed gx~g2 (in this case 0, but the state ment also has a range of validity when gx~g2¥z 0).
18. Formulae for g when M = 1. We proceed to consi for g, or some numerical illustrations of g, in a few interesting special cases.
When
and the 'middle' value of g, for c = 0 or = c2 = h, is given by 1 »o^| _ 2S+ (^/*21)V2 -These formulae are readily established if, as -> 1 or M2 -> 0, and a:21 remain finite; with slightly more difficulty they may be proved even if x 12 or x21 (or both) tends to zero or oo as M2->0.
Hence in the present special case is a positive linear function of c, and g0 is the harmonic mean of gx and g2\ hence a function of c is convex as viewed from below (that is, g' is negative). 1 9 19. Isotopic molecules of nearly equal mass. When the pure and mutual force laws are identical, the two gas constituents will be called isotopic, whether or not they are of the same chemical constitution or of nearly the same mass. This condition is probably satisfied within narrow limits when the molecules are isotopic in the ordinary sense, being chemically identical but differing in th a t one or more atoms in them appear in different isotopic forms. Some gas mixtures of different chemical composition (e.g. C 02 and N20, and CO and N2; cf. MT, p. 249) also appear to be approximately isotopic, or a t least their pure force laws are nearly identical. The value of M in isotopic mixtures is usually small, though not always (e.g. H 2 and D2).
In isotopic mixtures there is no distinction between (ox, w2 and oj12, for the same values of l and r, so that, by (4-3), In this case, if also M is small, the formula for g may be pu t in the approxi mate form (correct as far as the second power if g is expanded in powers of M ) g = 9o(1~y Mc) ' (19'2) here g0 is the middle value of g (for c 0), and
(19-4) Table 3 gives the values of g0/M and y for several values of when the mutual force law is of the inverse-power type. The last value of g0/M , for v12 = oo, corresponds to rigid elastic spheres, and is equal to 105/118. A formula equivalent to (19-3) has been given by Jones and Furry (1940) , together with a series of values of (118/10 (which is equa v12 = 00); allowing for the additional factor 118/105, their values correspond to those of g0/M in table 3, except for the correction to my earlier values of A X(Z) and A 2( 3) ( §8). The approximate formula for g0/M given by (19-3-4) is of particular interest in th a t it enables g, a or kT to be estimated for any isotopic mixture of small mass difference M, when v is known from the temperature v of the viscosity of the gas; hence the following empirical approximate formula for gJM , appropriate for values of v intermediate between those of table 3, may prove convenient:
The variation of g with the concentration ratio, when M is small, is proportional to M and to c; since y is positive, g is greatest (g2) when the lighter molecules predominate: y increases largely with v, the value for v -00 being more than 11 times as great as for 3. When 00 and M = the whole change in g, from c -1 , to 1 , i
20.
The isotopic case when M is not small. When m 1/m2 is neither nearly 1 nor very large, so that M is neither 0 nor 1, g must be calculated from the general formula, subject to x1 2 = x2 1 = 1. Tables 4, 5 and 6 illustrate the dependence of gv g0 and g2 on v and M for isotopic mixtures.
These tables show th at when M is small g does not vary much with c (as is evident from (19*2)), nor with v; as M rises towards 1, the variation with vb ecomes greater, in opposite senses for gx and g2. Up to about M = \ Hence if x 12 and x2X lie on opposite sides of unity, gx and have the if they lie on the same side, gx and g2 have opposite signs.
In table 2, the only gas pair for which M is nearly zero is N20 -C 02, for which x X2 and x 21 are nearly equal, and both are greater than 1; hence this mixture should illustrate the reversal of the sign of as varies, though kT will be very small for all values of c. For this gas, taking »i2=4-6, 5(0-1) = -*;
the maximum value of kT will correspond to some value of c between 0 and -1; for c --*, the value of g is approximately 0-01, th a t of a is approxi mately -0*001, and th at of kT is roughly -0*0003; for it is approxi mately + 0*0003.
Another gas-mixture which might show the same reversal of sign of kT is He -D2, for which, since vX2 is 11 or more, the factor 5(Cor more; if x 12 and x21 for this pair are of order 1*1, the maximum value of kT will be about 0*001. 21a. The doubly special case M = 0, value of x ( §6) for most gas pairs will be nearly 1, unless the numbers of atoms in the molecules of the two constituents are very unequal. We there fore consider the special case x = 1 (always true if the mo elastic spheres). We then have Since H is approximately 3 for all values of from 3 to oo, it follows th a t in this triply special case g js is nearly independent of mately equal to Moreover, g/s varies with the concentration ratio by a fraction - § s c ,being greatest when the molecules of smaller diamete predominate (c = -1). As cv aries from -1 to 1, the percentage varia of g/s is 300s, or 15 % if s = 1/20. When the diameters are very unequal, so th at is large and = 1, (21-2, 3) In this case g is an odd function of c, proportional to # -1, which depends on v12 and on the departure of the diffusion diameter < s12 from the mean
